We prove that the lattice of subgroups of every finite simple group is a complemented lattice.
Proof. Let H be a proper subgroup of G. Since M G = 1, without loss of generality we may assume H ≤ M . If now H ∧ N = 1, by Proposition 2.1 H has a complement in G. Assume now N ≤ H; there exists a g ∈ G such that N g ∧ H = 1. So if H has no complement in G, by Proposition 2.1 we must have N g ≤ C(H) . It follows that if F = {N x | x ∈ G} and F 1 = {N x | N x ≤ H}, then N (H) ≥ H, F 1 ≥ F = G, a contradiction.
We finally recall: (2.1) The direct product of a family of groups is a K-group if and only if
each factor is a K-group, see Corollary 3.1.5 in [S] . (2.2) If G contains an abelian subgroup A generated by minimal normal subgroups of G and a complement K to A that is a K-group, then G is a K-group, see Lemma 3.1.9 in [S] . (2. 3) The symmetric and alternating groups, the projective special linear groups L n (q) and the simple Suzuki groups 2 B 2 (q) are K-groups, see [P] .
For our purpose it will be convenient to know which non-simple groups of Lie type ( [C] , p. 175, p. 268) are complemented.
Proposition 2.4. The following non-simple groupsof Lie type areK-groups:
The following non-simple groups of Lie type are not K-groups:
, and we are done by (2.3). In G 2 (2) there is a monocoatomic interval [G 2 (2)/H] with H ∼ = L 3 (2) and corefree coatom, by Theorem 2.5 in [Co] To prove the main theorem, we take a counterexample L of minimal order and show that such a group L does not exist.
The simple classical groups.
We are going to assume in this section that L = G 0 (n, q), a (simple) classical group as in [KL] .
Proof. Let r be a prime divisor of m, so that m = rt, t ≥ 1. By Theorem 1 and Theorem 2 in [L] , the interval [P Sp(2m, q) 
Proof. We consider first the cases (n, q) = (3, 3), (3, 5). The groups U 3 (3) and U 3 (5) are K-groups: In fact one has P SL 2 (7) <· U 3 (3) and A 7 <· U 3 (5) ([K1] , §5). Assume now (n, q) = (3, 3), (3, 5) . With reference to the notation in [BGL] , p. 388, let G be the simple adjoint algebraic group over F q with associated Dynkin diagram of type A m , λ = σ q and µ = 2 σ q : We have
if nq is odd Sp n−1 (q) if n is odd and q is even.
From Theorem 2 in [BGL] it follows that [U n (q)/T ] is monocoatomic. Moreover, T is a K-group, either because it is simple of order less than | L |, or because it is isomorphic to Sp 4 (2) (Proposition 2.4):
Proof. Assume q = p f , with f > 1 and let r be a prime divisor of f . Then by Theorem 1 in [BGL] , [P Ω n (q)/P Ω n (q 1/r )] is monoatomic, a contradiction. Therefore we must have q = p. Now, by §5 in [K1] and Proposition 4.2.15 in [KL] , G 0 (n, q) contains a maximal subgroup M which is a split extension of an irreducible elementary abelian 2-group by A n or S n . Therefore M is a K-group by (2.2), and G 0 (n, q) is a K-group, a contradiction.
Proof. Let V = F n q be the natural (projective) module for G 0 (n, q), and let W be a nonsingular subspace of V of dimension 1. Since Ω := G 0 (n, q) is a counterexample of minimal order, the socle soc H Ω of the stabilizer H Ω of W in Ω, which is isomorphic to Ω n−1 (q) if q is odd, and to Sp n−2 (q) if q is even, must be contained, by Corollary 2.2, in an element K Ω of C(Ω) ∪ S different from H Ω (for the definition of the family C(Ω) ∪ S we refer to §1.1 and §3.1 in [KL] ).
By order considerations, one can prove that only condition (i) of Theorem 4.2 in [Li] applies: This means that K Ω must be an element of C(Ω). Since H Ω ∈ C 1 , one is left to show that there does not exist an element
For q odd, the arguments used in the proof of Proposition 7.1.3 in [KL] show that such a K Ω does not exist, taking into account that in our situation n 2 = n − 1 ≥ 7. To deal with the case when q is even, again one can proceed using arguments suggested in the proof of Lemma 7.1.4 in [KL] .
Proof. Following the notation in [BGL] , let G be the simple adjoint algebraic group over F q with associated Dynkin diagram of type
We have therefore completed the proof that L is not a classical group.
The simple exceptional groups of Lie type.
Now we are going to show that the minimal counterexample L cannot be an exceptional group of Lie type G(q).
Proof. If r is a prime divisor of f , where Table 1 ). Hence
. By the Theorem in [LS] , M 1 either is a parabolic subgroup, or it appears in Table 1 in [LS] : However, both situations are excluded by rank or order considerations. So again by Proposition 2.3, G is a K-group, a contradiction.
Finally assume G is of type E 8 . There exist subgroups Proof. The group 2 F 4 (2) is not simple, and we have seen that it is not a Kgroup (Proposition 2.4). Its derived subgroup (the Tits group) is simple and it is a K-group, since it has a maximal subgroup isomorphic to L 2 (25) ( [A] ). So now assume L = 2 F 4 (2 2m+1 ), with m ≥ 1. By the Main Theorem in [M] , there exist H <· M <· L such that | M : H | = 2 and H ∼ = Sp 4 (2 2m+1 ). Since the nonabelian composition factors of maximal subgroups of L not conjugate to M are of type A 1 (q), 2 B 2 (q), U 3 (q) and 2 F 4 (q 1/r ), r an odd prime, one concludes that [G/H] is monocoatomic.
Proof. In fact we have F 4 (q) <· 2 E 6 (q) from Table 1 in [LS] .
Proof. From the Theorem in [K2], we have G 2 (q) <· 3 D 4 (q). Since G 2 (q) is a K-group, we get a contradiction.
This concludes the proof that L is not a group of Lie type.
Sporadic simple groups.
We are left to deal with the sporadic groups: To this end, for each group we exhibit a maximal subgroup which is a K-group. From the tables in [A] we have: 
